Charged and rotating Black AdS Branes in $n+p+2$ dimensions by Delsate, T.
ar
X
iv
:1
00
8.
44
83
v1
  [
he
p-
th]
  2
6 A
ug
 20
10
Charged and rotating Black AdS Branes in
n + p + 2 dimensions
T. Delsate∗
Theoretical and Mathematical Physics Dpt.,
Universite´ de Mons - UMons, 20, Place du Parc, 7000 Mons - Belgium
October 10, 2017
Abstract
We generalize the vacuum static black brane solutions of Einstein’s
equations with negative cosmological constant recently discussed in liter-
ature, by introducing rotations and an electromagnetic field. We inves-
tigate numerically the thermodynamical properties of the charged and of
the rotating AdS black brane and we provide evidences for the existence of
the charged and rotating case. In particular, we study the influence of the
rotation and charge on the tension and mass. We find that the rotation
essentially influences the tensions while the charge essentially influences
the mass.
1 Introduction
The last decade has witnessed a growing interest in the physics of black holes
in anti-de Sitter (AdS) backgrounds, motivated by the proposed correspon-
dence relating AdS spacetimes to conformal field theory defined on the bound-
ary spacetime [1, 2], known as the AdS/CFT correspondence. In this context
asymptotically AdS black hole solutions are related to thermal CFT. For exam-
ple, the Schwarzschild-AdS5 Hawking-Page phase transition [3] is interpreted
as a thermal phase transition from a confining to a deconfining phase in the
dual D = 4, N = 4 super Yang-Mills theory [4], while the phase structure of
Reissner-Nordstro¨m-AdS (RNAdS) black holes, which resembles that of a van
der Waals-Maxwell liquid-gas system is related to the physics of a class of field
theories coupled to a background current [5].
The construction of new asymptotically (locally) AdS objects is then of
particular interest in this context, since it provides new backgrounds for the dual
CFTs. Black holes in d dimensions have an horizon topology Sd−2, matching
the topology of the conformal boundary. The simplest different topology (both
at the horizon and at infinity) is Sd−3 × S1 and has been first discussed in the
AdS/CFT context by [6] in d = 5. Such objects are called black strings and
have been constructed in arbitrary dimensions in [7]. Yet other types of objects
have been proposed recently in [8] where the horizon and asymptotic toplogy is
Sp ×Mn, Mn denoting a n-dimensional Ricci flat manifold.
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In this paper, we generalise the black brane type solutions constructed in
[8] to the charged and rotating case. In the section 2, we present the model,
the generic equations and boundary conditions and quickly review some known
solutions. In section 3, we present the asymptotic solution for large values of
the radial coordinate and close to the horizon. Section 4 is devoted to the ther-
modynamical and geometrical properties of the charged and/or rotating black
brane. In particular we derive a Smarr law for the three cases (charged, rotating,
charged-rotating). We present our numerical results in section 5. This section
is divided in three parts: charged case, rotating case and charged-rotating case.
We discuss in more details the charged or rotating cases and give evidences that
the charged and rotating case admits solutions. We finally draw our conclusions
in the last section.
2 The generic model, equations and boundary
conditions
We consider the Maxwell-Einstein-Hilbert action in d dimensions supplemented
by a cosmological constant term:
S =
1
16πG
∫
M
√−g (R− 2Λ− F 2) ddx− 1
8πG
∫
∂M
√−hKdd−1x, (1)
where G is the d-dimensional Newton constant, M is the manifold under con-
sideration, ∂M the boundary manifold g is the determinent of the metric, R is
the scalar curvature, Λ is the cosmological constant, F = dA is the field strength
of the Maxwell field A, h is the determinent of the boundary metric and K is
the extrinsic curvature of ∂M embedded in M. Note that we use geometric
units for the electromagnetic coupling. In the following, we will set the Newton
constant to G = 1.
We further define the AdS radius by
ℓ2 = − (d− 1)(d− 2)
2Λ
.
In order to describe rotating brane like black objects, i.e. black objects with
event horizon topology Sp ×Mn, we introduce the following metric ansatz
ds2 = −b(r)dt2 + a(r)d~z2n + dr
2
f(r) + g(r)
∑N−1
i=1
(∏i−1
j=0 cos
2 θj
)
dθ2i (2)
+h(r)
∑N
k=1
(∏k−1
l=0 cos
2 θl
)
sin2 θk (dφk − w(r)dt)2
+(g(r)− h(r))
{∑N
k=1
(∏k−1
l=0 cos
2 θl
)
sin2 θkdφ
2
k
−
[∑N
k=1
(∏k−1
l=0 cos
2 θl
)
sin2 θkdφk
]2}
,
where θ0 ≡ 0, θi ∈ [0, π/2] for i = 1, . . . , N − 1, θN ≡ π/2, φk ∈ [0, 2π] for
k = 1, . . . , N , where N = (p + 1)/2 and d~z2n = δijdz
idzj, i, j = 1, 2 . . . , n
denotes the transverse space. Here we take p to be odd and d = p+ n+ 2.
Note that the ansatz for the static black branes in arbitrary dimensions
discussed in [8] are recovered for w(r) = 0, h(r) = g(r) = r2.
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The ansatz for the Maxwell field is given by
Aadx
a = V (r)dt + aϕ(r)
N∑
k=1
k−1∏
l=0
cos2 θl sin
2 θkdφk. (3)
The variation of the action (1) with respect to the metric components and
the Maxwell field components leads to the Einstein-Maxwell equations given by
Gba = −Λδba + T ba , ∇aF ab = 0, (4)
where Tab = FacF
c
b − 12FcdF cdgab is the stress tensor and Gba is the Einstein
tensor. The independant components of Gba and T
b
a are given by
Gtt =
nfa′′
2a
+
1
2
(p− 1)
(
nfa′g′
2ag
+
r2fwg′w′
2bg
+
f ′g′
2g
+
fg′′
g
+
fg′
rg
+
r2
g2
)
(5)
+
nr2fwa′w′
4ab
+
na′f ′
4a
+
n2fa′2
8a2
− 3nfa
′2
8a2
+
nfa′
2ra
− r
2fwb′w′
4b2
+
r2wf ′w′
4b
+
r2fww′′
2b
+
r2fw′2
4b
+
3rfww′
2b
+
f ′
2r
+
(p− 4)(p− 1)fg′2
8g2
− p
2 − 1
2g
,
Grr =
1
2
(p− 1)
(
nfa′g′
2ag
+
fb′g′
2bg
+
fg′
rg
)
+
nfa′b′
4ab
+
n2fa′2
8a2
− nfa
′2
8a2
+
nfa′
2ra
+
fb′
2rb
+
r2fw′2
4b
+
(p− 2)(p− 1)fg′2
8g2
− p
2 − 1
2g
+
(p− 1)r2
2g2
,
Gzz =
nfa′′
2a
− fa
′′
2a
+
nfa′b′
4ab
− fa
′b′
4ab
+
na′f ′
4a
− a
′f ′
4a
+
n(p− 1)fa′g′
4ag
− (p− 1)fa
′g′
4ag
+
n2fa′2
8a2
− 5nfa
′2
8a2
+
nfa′
2ra
+
fa′2
2a2
− fa
′
2ra
+
fb′′
2b
+
b′f ′
4b
+
(p− 1)fb′g′
4bg
− fb
′2
4b2
+
fb′
2rb
− r
2fw′2
4b
+
(p− 3)f ′g′
4g
+
f ′g′
2g
+
f ′
2r
+
(p− 1)fg′′
2g
+
(p− 4)(p− 1)fg′2
8g2
+
(p− 1)fg′
2rg
− p
2 − 1
2g
+
(p− 1)r2
2g2
,
Gθθ =
nfa′′
2a
+
nfa′b′
4ab
+
na′f ′
4a
+
n(p− 2)fa′g′
4ag
+
(n− 3)nfa′2
8a2
+
nfa′
2ra
+
fb′′
2b
+
b′f ′
4b
+
(p− 2)fb′g′
4bg
− fb
′2
4b2
+
fb′
2rb
− r
2fw′2
4b
+
(p− 2)f ′g′
4g
+
f ′
2r
+
(p− 2)fg′′
2g
+
(p− 5)(p− 2)fg′2
8g2
+
(p− 2)fg′
2rg
+
(p− 5)r2
2g2
− (p− 3)(p+ 1)
2g
,
3
Gϕ2ϕ1 = −
nr2fwa′w′
4ab
+
nfa′g′
4ag
− nfa
′
2ra
+
fb′g′
4bg
+
r2fwb′w′
4b2
− fb
′
2rb
−r
2wf ′w′
4b
− (p− 1)r
2fwg′w′
4bg
− r
2fww′′
2b
− r
2fw′2
2b
− 3rfww
′
2b
+
f ′g′
4g
− f
′
2r
+
fg′′
2g
,
Gϕt = −
nfwa′b′
4ab
+
(n− 1)r2fw2a′w′
4ab
+
r2fw2a′w′
4ab
+
nfa′w′
4a
+
nfwa′
2ra
−fwb
′′
2b
− wb
′f ′
4b
− (p− 1)fwb
′g′
4bg
− r
2fw2b′w′
4b2
− fb
′w′
4b
+
fwb′2
4b2
+
r2w2f ′w′
4b
+
(p− 1)r2fw2g′w′
4bg
+
r2fw2w′′
2b
+
r2fww′2
b
+
3rfw2w′
2b
+
1
4
f ′w′
+
wf ′
2r
+
(p− 1)fg′w′
4g
+
(p− 1)fwg′
2rg
+
1
2
fw′′ +
3fw′
2r
− (p− 1)r
2w
g2
,
T tt =
fw2a′2ϕ
2b
− fa
′2
ϕ
2r2
− (p− 1)a
2
ϕ
g2
− fV
′2
2b
,
T rr = −
fwa′ϕV
′
b
− fw
2a′2ϕ
2b
+
fa′2ϕ
2r2
− (p− 1)a
2
ϕ
g2
− fV
′2
2b
,
T zz =
fwa′ϕV
′
b
+
fw2a′2ϕ
2b
− fa
′2
ϕ
2r2
− (p− 1)a
2
ϕ
g2
+
fV ′2
2b
,
T θθ =
fwa′ϕV
′
b
+
fw2a′2ϕ
2b
− fa
′2
ϕ
2r2
− (p− 5)a
2
ϕ
g2
+
fV ′2
2b
,
Tϕ2ϕ1 =
fwa′ϕV
′
b
+
fw2a′2ϕ
b
− fa
′2
ϕ
r2
+
4a2ϕ
g2
,
Tϕt = −
fw2a′ϕV
′
b
+
fa′ϕV
′
r2
− fwV
′2
b
.
The two independant Maxwell equations read
−nfwa
′a′ϕ
2ab
− nfa
′V ′
2ab
− fwa
′′
ϕ
b
+
fwa′ϕb
′
2b2
− wa
′
ϕf
′
2b
− (p− 1)fwa
′
ϕg
′
2bg
(6)
−fa
′
ϕw
′
b
− fwa
′
ϕ
rb
+
fb′V ′
2b2
− f
′V ′
2b
− (p− 1)fg
′V ′
2bg
− fV
′′
b
− fV
′
rb
= 0,
−nfw
2a′a′ϕ
2ab
+
nfa′a′ϕ
2r2a
− nfwa
′V ′
2ab
− fw
2a′′ϕ
b
+
fa′′ϕ
r2
+
fa′ϕb
′
2r2b
+
fw2a′ϕb
′
2b2
− w
2a′ϕf
′
2b
− (p− 1)fw
2a′ϕg
′
2bg
− 2fwa
′
ϕw
′
b
− fw
2a′ϕ
rb
+
a′ϕf
′
2r2
+
(p− 1)fa′ϕg′
2r2g
− fa
′
ϕ
r3
− 2(p− 1)aϕ
g2
+
fwb′V ′
2b2
− wf
′V ′
2b
− (p− 1)fwg
′V ′
2bg
−fwV
′′
b
− fV
′w′
b
− fwV
′
rb
= 0.
It is possible to express the equations as a system of 7 non linear coupled
ordinary differential equations for the functions a, b, f, g, w, V, aϕ by combining
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suitably the Einstein equation. However the resulting equations are very long
and we refrain to write them here.
It should be stressed that it is possible to rewrite the equation for w (resp.
V ) as a total derivative in the neutral case, where V = aϕ = 0 (resp. in the non
rotating case where w = aϕ = 0, g = h = r
2):(
w′r3
√
gp−1an
f
b
)′
= 0, (7)
for the neutral rotating case and(
V ′rp
√
an
f
b
)′
= 0, (8)
for the charged non rotating case. This leads to first integrals (say j and q)
associated respectively to the angular momentum and to the charge. Note that
the function aϕ does not appear in these particular case since it is associated
with the magnetic field which is excited by the rotation in the charged case.
In order to have a well posed problem, we need 13 boundary conditions,
given by
f(rh) = 0, b(rh) = 0, b
′(rh) = b1, a(rh) = ah, V (rh) = Vh, w(rh) = wh,
Γ1(rh) = 0, Γ2(rh) = 0, Γ3(rh) = 0 (9)
g → r2, w→ 0, V → 0, aϕ → 0 for r →∞,
where ah, b1 are real constants adjusted in order to find asymptotically locally
AdS solutions and for some constants Vh, wh and where Γi are combinations
of the various functions, which should vanish at the horizon for the equations
to be regular. The Γi are given by
Γ1(r) = b
′r
(
g(−f ′g′ + 2p+ 2)− 8a2ϕ
)
+ r3
(
f ′g2w′2 − 2(p+ 1)b′)+ 2b′f ′g2
Γ2(r) =
ar2
(
f ′g2w′2 − 2b′(p− 1))
b′f ′g2
+
2a
r
− a′ (10)
Γ3(r) = r
2
(
2aϕb
′(p− 1) + f ′g2w′(a′ϕw + V ′
)− a′ϕb′f ′g2
2.1 Known solutions
Atlhough it seems hopeless to find an analytic solution to the full set of equations
(4), there are some particular cases where an analytic solution exists.
For instance for p = 0 or n = 0, the metric describes a black hole (resp.
topological black hole) and the vacuum non-rotating case is given by
f(r) =
r2
ℓ2
+ 1−
(r0
r
)p
, b(r) = f(r), g(r) = h(r) = r2, ω(r) = 0, (11)
for n = 0 and
f(r) =
r2
ℓ2
−
(r0
r
)p
, b(r) = f(r), a(r) = r2, (12)
for p = 0.
5
In the same limits, the electrovacuum solution have been constructed in [9].
The charged and rotating black hole has been constructed numerically in [10].
The case n = 1 has been studied in [11] for the charged or rotating case and in
[7] for the non rotating case.
For a vanishing cosmological constant, the function a can be set to a(r) = 1
since the extradirections are Ricci-flat and the remaining p+2 dimensional space
can be taken to be the charged and/or rotating (p+ 2)-dimensional black hole
[12, 13] (see [14] and references therein for a review).
The phase structure of the case n = 1 has been intensively studied [15,
16, 17, 7, 18] (see [19] and reference therein for a review) with or without a
cosmological constant.
3 Near Horizon and asymptotic expansion
Far from the event horizon, the functions a, b, f, g, w, V, aϕ obey the following
expansion:
a(r) =
r2
ℓ2
+
⌊(d−4)/2⌋∑
j=0
aj(
ℓ
r
)2j +
∑
k
δd,2k+1ζ log(
r
ℓ
)(
ℓ
r
)d−3 + cz(
ℓ
r
)d−3 +O
(
1
r
)d−1
,
b(r) =
r2
ℓ2
+
⌊(d−4)/2⌋∑
j=0
aj(
ℓ
r
)2j +
∑
k
δd,2k+1ζ log(
r
ℓ
)(
ℓ
r
)d−3 + ct(
ℓ
r
)d−3 +O
(
1
r
)d−1
,
f(r) =
r2
ℓ2
+
⌊(d−4)/2⌋∑
j=0
fj(
ℓ
r
)2j +
∑
k
δd,2k+1(n+ 1)ζ log(
r
ℓ
)(
ℓ
r
)d−3
+(ncz + ct + (p− 1)cg + c0)( ℓ
r
)d−3 +O
(
1
r
)d−1
,
g(r) = r2
(
1 + cg
(
ℓ
r
)d−5)
+O
(
ℓ
r
)d−1
w(r) = cw
(
ℓ
r
)d−3
+O
(
ℓ
r
)d−1
V (r) = cV
(
ℓ
r
)d−3
+O
(
ℓ
r
)d−1
aϕ(r) = cϕ
(
ℓ
r
)d−3
+O
(
ℓ
r
)d−1
where d = n+p+2, the constants ai, fi, ζ depend on p, n, ℓ and are given by a0 =
p−1
n+p−1 , a1 =
n(p−1)2
(n+p−3)(n+p−1)2(n+p) , a2 = −
n(p−1)3(n2+n(4p−17)+3(p−3)p)
3(n+p−5)(n+p−3)(n+p−1)3(n+p)2 , f0 =
(p−1)(2n+p)
(n+p−1)(n+p) , f1 =
n(n+1)(p−1)2
(n+p−3)(n+p−1)2(n+p) , f2 = − n(n+1)(p−1)
3(n(p−4)+(p−3)p)
(n+p−5)(n+p−3)(n+p−1)3(n+p)2 ,
ζ = −1/12 for p = 2, n = 1, ζ = −3/400 for p = 2, n = 3, −1/100 for
p = 3, n = 2,. . ., c0 = 0 for p = 2, n = 1, c0 = 3/800 for p = 3, n = 2, 1/100
for p = 3, n = 2,. . . and where ⌊X⌋ denotes the floor integer value of X . The
coefficient ct, cz, cg, cw, cϕ, cV are to be determined numerically and are related
to the mass, tension, angular momentum, charge and magnetic momentum of
the AdS brane. Note that the constants ai, fi, ζ are the same than in the
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uncharged case [8]. Note also that the equations are invariant under arbitrary
scaling of the metric functions a, b, related to the freedom of redifining the t and
z coordinates. We fix the normalisation of these two functions by adjusting the
real constants ah, b1 described in the previous section such that the functions
a, b→ r2/ℓ2 at large values of r.
Close to the horizon, the metric and maxwell functions obey the following
expansion
a(r) = ah + a1(r − rh) +O (r − rh)2 ,
b(r) = b1(r − rh) +O (r − rh)2 ,
f(r) = f1(r − rh) +O (r − rh)2 ,
g(r) = gh + g1(r − rh) +O (r − rh)2 , (13)
w(r) = wh + w1(r − rh) +O (r − rh)2 ,
V (r) = Vh + V1(r − rh) +O (r − rh)2 ,
aϕ(r) = Ah +A1(r − rh) +O (r − rh)2 ,
(14)
where the various coefficients can be expressed as functions of ah, b1, gh, wh, Vh.
The case of no rotation is much simpler: the functions w, aϕ vanish, g = h =
r2 and the near horizon series reduces to
f(r) =
(
−q
2rha
−n
h r
−2p
h
n+ p
+
rh
(n+ p+ 1)ℓ2
+
p− 1
rh
)
(r − rh) +O (r − rh)2 ,
a(r) = ah +
2ahrh
(
q2ℓ2 − anh(n+ p)(n+ p+ 1)r2ph
)
q2r2hℓ
2 − anh(n+ p)r2ph
(r − rh) +O (r − rh)2
b(r) = b1(r − rh) +O (r − rh)2 (15)
The requirement that f ′(rh) > 0 leads to the following condition on the
charge:
q2 ≤ a
n
h(n+ p)r
2p−2
h
(
ℓ2(p− 1) + r2h(n+ p+ 1)
)
ℓ2
, (16)
this condition is in agreement with the bound found in ref [11] for n = 1. If
the bound is saturated, rh becomes a double root of f and the temperature
vanishes; this is the extremal solution. The lower horizon radius should lead to
a lower bound on the mass for a given value of the charge. We will discuss this
further in the next sections.
Note that the maximal value of q is a growing function of rh i.e. for a fixed
value of the charge, we have a lower bound on the horizon radius or equivalently
a maximal bound on the AdS length.
4 Physical properties of the AdS branes
4.1 Thermodynamical properties
The metric admits ξ = ∂t + Ω
(i)
H ∂ϕi as a killing vector. The Ω
(i)
H s are fixed by
the requirement that ξ is null on the event horizon, leading to
Ω
(i)
H = ωh. (17)
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The asymptotical thermodynamical quantities are computed using the coun-
terterm procedure described in [20] and applied to AdS branes in [8], leading
to the mass M , tension T and angular momentum J :
M =
ℓp−1VpVn
16π
((n+ p)ct − ncz + (p− 1)cg) +Mc, (18)
Ti = ℓ
p−1VpVn
16πnLi
(ct − (p+ 1)cz − (p− 1)cg) + 1
n
Tc,
J =
ℓp−1VpVn
16π
2(n+ p+ 1)
(p+ 1)
cw,
where Vp denotes the surface of the unit p-sphere, Vn is the volume of the n
extradirections, Li is the length of the i − th extradirection and where Mc =
−Tc = are Casimir like terms appearing in odd dimensions (see ref. [8]) and
are not useful for our purpose. Note that we add manually a 1/n factor in the
definition of the tension. First, since there are n extradirections, all playing a
spectator role in the equations, all the tensions should be the same. Second,
as we will see later, each extradirection will contribute one time in the Smarr
relation if we use this definition.
For a charged non-rotating solution, the electric field with respect to a con-
stant r hypersurface is given by Eµ = gµρFρνn
ν , nµ being the unit normal to
the constant r surface. The electric charge of the charged solutions is computed
using Gauss’ law by evaluating the flux of the electric field at infinity:
Q =
1
4πGd
∮
Σ
dd−2y
√
σuanbFab. (19)
If Aµ is the electromagnetic potential, then the electric potential Φ, measured
at infinity with respect to the horizon is defined as [21]:
Φ = Aµχ
µ|r→∞ −Aµχµ|r=rh , (20)
with χµ a Killing vector orthogonal to and null on the horizon.
In the case of rotating solutions, the charge is defined in the same way but
the magnetic field is excited by the rotation and leads to a magnetic momentum.
The electric charge and magnetic momentum are given by
Q =
ℓp−1VpVn
16π
(n+ p− 1)cV , µ = ℓ
p−1VpVn
16π
(n+ p− 1)cϕ. (21)
The temperature and entropy are computed in the standard way, leading to
TH =
√
b1f1
4π
, S =
VpVn
4
√
an0 g
p−1
h rh, (22)
where f1 denotes the derivative of f at the horizon.
We derived a Smarr law for the rotating AdS brane and for the charged
brane using the same approach than in ref. [11]:
M + TiLi = THS + (p+ 1)
2
ωhJ, (23)
M + TiLi = THS +ΦQ,
8
where summation over the repeated index is understood.
Although it seems reasonable that the Smarr law in the charged-rotating
case should read M + TiLi = THS + (p−1)2 ωhJ +ΦQ, we could not proove this
using the standard technique. This is due to the fact that in the purely charged
or purely rotating case, the charge (resp. the angular momentum) appear as a
first integral of the equations; in the charged and rotating case, they are not
constant anymore but rather asymptotic constant. The Smarr law we derived
reads
M + TiLi = THS + (p+ 1)
2
ωhJH , (24)
where JH is the angular momentum of the event horizon defined by
JH =
Vp
16π
2
p− 1
√
f1
b1
gp−1h a
n
hr
3
hw1. (25)
This can be understood by the fact that the electromagnetic field carries a part
of the total angular momentum.
4.2 Geometric properties properties of the AdS brane
The equations admit another scaling property:
r → λr, ℓ→ λℓ, M →, λp−1M T → λp−1T , wh → λ−1wh, J → λpJ,
Q→ λp−1Q, µ→ λp−1µ, TH → λ−1TH , S → λpS. (26)
The horizon topology isMn×Sp×R,Mn =
∏n
i=1 Li being the n-dimensional
manifold describing the extradirections. The setup can be interpreted in dif-
ferent ways (such as a n dimensional infinite brane surrounded by a (p + 1)-
dimensional black hole, a p + 2 dimensional black hole with a n dimensional
compact internal space, etc [8] depending on the range of the Li (wich can be
infinite). The geometry can be a sort of AdS with compact directions, which
can be seen as the global AdS with indentifications, this is however not clear
from a more formal point of view and regarding the asymptotic spacetime.
5 Numerical Results
In this section, we present our numerical results and discuss the thermodynamics
of the charged and of the rotating case. Then, we present a solution to the
charged and rotating case, but don’t study systematically its properties, due to
some restrictions in our approach, that will be discussed further in the following.
It should be stressed that in the case where the rotation is absent, the metric
ansatz reduces to the metric ansatz considered in [8]. In this case, we don’t have
restrictions on the value of p.
5.1 Charged case
We integrated numerically the system of equations (4) supplemented by the
additional requirement that g = h = r2, w = aϕ = 0, using the solver Colsys [22]
for various values of p, n, ℓ, q, rh. We adopted the following numerical approach:
we first fix the value of a, b, V at the horizon and then rescale the solution
9
Figure 1: Domain of the solution in the Q −M plane for p = 3, n = 2 and
ℓ = 1. Here we plot the absolute value of the charge.
in order to follow the suitable asymptotic behaviour. We typically vary the
cosmological constant and use the scaling properties (26) in order to fix the AdS
radius to ℓ = 1. This approach suffers from a considerable drawback, namely the
fact that it is complicated to obtain a fixed value of the charge or of the electric
potential at the origin; one has to produce a large amount of data in order to
foliate the parameter space and find constant charge (or other thermodynamical
quantities) slices. However, in certain regions of the parameters, some physical
quantities such as the electric potential at the horizon do not vary too much and
it is possible to have ideas of the underlying physics at fixed eletric potential.
This is the reason why we present the physical quantities for n = 2, p = 3
only, hoping that it catches the main features of the generic solutions. Note
that we cosntructed the solutions for others values of p, n but we did not study
systematically the thermodynamics. Note also that the case n = 1 has already
been considered in [11].
First, we found numerical evidences that for given values of the charge, there
exists a lower bound on the mass, along with the discussion following equation
(16). This is illustrated on figure 1 where we plot the values of the mass versus
the values of the charge for a large number of solutions. The approach was the
following: we varied the horizon radius for each gradually increasing value of the
electric potential at the horizon. The mass seems to approach a lower bound as
can be appreciated on the figure.
As the mass approaches the lower bound, a critical solution is approached
and the numerical solver fails to converge. The study of this critical solution
is technically involved and seems to require a different parametrization of the
metric ansatz. This is beyond the purposes of this paper.
The existence of a minimal mass for fixed values of the charge is to be
interpretted as the balance between repulsive electrostatic and attractive grav-
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Figure 2: Thermodynamical quantities of the chargedAdS branes for n = 2, p =
3 and ℓ = 1. The tension and angular momentum on the figure represent the
total tensions nT and total angular momentum (p+ 1)J/2 respectively.
itational interactions.
We also present the various thermodynamical quantities in figure 2 for ℓ = 1
as a function of the horizon radius rh. We note that the tension has a small
negative region for small rh.
Althought Figure 2 seems to suggest the existence of thermally stable and
unstable phases, it is not fully generally the case: for fixed values of the charge,
there seems to be only one thermally unstable branch for large values of the
charge as illustrated on figure 3 where the entropy is plotted as a function of
the charge and of the temperature. For small values of the charge however, it
can be expected that thermally stable and thermally unstable branches exist.
Note that this was already found in [11] for n = 1. This is confirmed in figure 4
where the entropy as a function of the temperature is plotted for different fixed
values of the charge.
5.2 Rotating case
Here only odd values of p are allowed. We present our results for ℓ = 1. Our
approach is the same as in the charged case, i.e. a posteriori rescaling of the
functions a, b and consequently w.
A striking feature of the rotating AdS branes is that for small values of
the angular velocity at the horizon (wh), the tension is first negative, then
changes sign and become positive. Above a critical value of the angular velocity
(depending on the number of dimension), the tension is always negative. This
can be interpretted as the balance between centrifugal force and gravitational
tension; once the rotation is too high, the black brane wants to spread, this is
an effect opposite to the tension. This is illustrated on figures 5 and 6.
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Figure 3: The entropy as a function of the charge and the temperature for
p = 3, n = 2.
Figure 4: Some constant Q slices of the graphic presented in figure 3.
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Figure 5: A generic profile of the total tension, horizon angular velocity and
total angular momentum as functions of the horizon radius. The box on upper
right corner is a zoom on interval [0, 0.6]. We systematically observed a region
of negative tension. This was noticed and interpreted in [23] in the uncharged
and non rotating case for n = 1.
Figure 6: The total tension decreases for increasing total angular momentum
for fixed values of the horizon radius. Once the angular momentum is too high,
the tension becomes negative. Note also that the entropy decreases with the
angular momentum, as can be expected from the AdS black holes. The mass is
almost constant in the regime presented on the figure.
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Figure 7: The entropy as a function of the angular momentum for a fixed value
of rh. The mass is almost constant in the regime presented on the figure.
The entropy decreases with the angular momentum, similar to the case of
rotating black holes. Again, this is to be understood as the spreading of the
horizon with the rotation (at fixed mass). This is illistrated on figures 6 and 7.
The entropy as a function of the temperature for fixed values of the angular
momentum behaves similar to the case of the rotating black strings [11]: there
are two phases of AdS black branes for vanishing values of the angular momen-
tum and these phases quickly disappear for non vanishing values of J . We show
the entropy as a function of the temperature and angular momentum in figure
9 and constant J foliations of the latter in figure 9.
5.3 Charged and rotating case
Finally we contructed the charged and rotating AdS black brane solution, pro-
viding a numerical evidence that the solution indeed exists. The generic profile
is presented in figure 10 for n = 2, p = 3, Λ = −3, rh = 1. As discussed
before, we don’t discuss here its thermodynamical properties in details, due to
the restrictions of our approach. The problem however deserves further investi-
gations.
Let us finally mention that the tension is systematically negative for small
values of the horizon radius as in the case n = 1 [23], with or without charge
and rotations.
6 Conclusion
In this paper, we presented evidences for the existence of a charged-rotating
black brane in asymptotically locally AdS spacetime. These solutions generalise
the black branes considered in [8]. The author of reference [8] further considered
14
Figure 8: The entropy as a function of the total angular momentum and the
temperature for p = 3, n = 2.
Figure 9: Some constant J slices of the graphic presented in figure 3.
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Figure 10: A generic profile for the charged and rotating AdS black brane with
n = 2, p = 3, Λ = −3.
the limit where the horizon radius shrinks to zero, namely the soliton limit
and interpretted the resulting configuration in a braneworld context. Here we
focused on the black brane solution but we believe that at least in the rotating
case, the limit rh → 0 should exist. In the charged case, we have serious doubts
about this since there exists a lower bound on the horizon radius (this was
already discussed in [11] for n = 1). Note that the n-dimensional manifold can
be replaced by any n-dimensional Ricci flat manifold.
The lower bound on the horizon radius translates to a lower bound for the
mass for fixed values of the charge. This is interpretted as the competition
between the electric repulsion and the gravitational attraction. The tension has
the same behaviour than the uncharged static case. In that sense, the charge
influences the mass.
The tension is negative for small values of the horizon radius, this is to be
understood in the same way as in ref [23]: the spatial pressure of the cosmological
constant dominates the gravitational tension due to the mass in the small rh
regime while the situation is reversed for larger values of the horizon radius.
The rotation has the surprising effect of lowering the tension, even up to a
point where the tension goes from positive to negative values. Here, the rotation
seems to play a role opposite to the tension, even if the tension is concerned
with the non rotating extradirections.
We did not study systematically the thermodynamics of the charged and
rotating case, but we expect its feature to combine the properties of the charged
case and of the rotating case.
Finally, let us mention that the charged case can be interpreted in the
AdS/CFT context, the value of V at the origin being the source of a spin
1 operator defined on a conformal field theory living in Mn × Sp × Rt (recall
that we can shift V such that V (rh) = 0), the charge (next to leading order on
16
the boundary) is then to be interpretted as the correlator of the spin 1 field.
In this context, the Sp can be interpretted as an internal space and one the
M
n can be thought as an infinite n-dimensional space. Such considerations are
speculative but we believe these would deserve further investigations.
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